A fully self-consistent renormalized random-phase approximation is constructed based on the self-consistent Hartree-Fock mean field plus exact pairing solutions (EP). This approach exactly conserves the particle number and restores the energy-weighted sum rule, which is violated in the conventional renormalized particle-hole random-phase approximation for a given multipolarity.
I. INTRODUCTION
the particle (k = p) or hole (k = h) occupation numbers, respectively, in the correlated RPA ground state |RP A . These occupation numbers f k can be expressed in term of the RPA eigenvector components, the so-called backward-going amplitude Y ν ph . The resulting system of the RRPA equations becomes nonlinear with respect to the amplitudes Y ν ph in the GSC factor D ph , which renormalizes the RPA residual interaction [7, 8] . These RRPA equations are then self-consistently solved by the iteration.
A major problem of the RRPA, as has been pointed out for the first time in Ref. [9] , is the violation of various model-independent sum rules, such as the Thomas-Reich-Kuhn (TRK) sum rule for the giant dipole resonance (GDR) or the Ikeda sum rule for the GamowTeller transitions, because the GSC factor D ph reduces the absolute values of the matrix elements of the residual interaction. One way to overcome this shortcoming is to take into account the contribution of the particle-particle (pp) and hole-hole (hh) excitations of all multipolarities [9] [10] [11] . However, this approach is time-consuming as it doubles the size of the RPA matrix. Moreover, although the inconsistency inherent in the QBA is removed by taking into account the particle occupations numbers f p > 0 and the hole occupation numbers f h < 1, the RRPA still contains another inconsistency as it is still based on the HF mean field, where these occupation numbers are always set to be 0 for all the unoccupied states above the Fermi level, i.e. the p states, and 1 for all the occupied ones below the Fermi level, i.e. the h states.
On the other hand, the RRPA does not include superfluid pairing, which plays an important role, especially in neutron-rich nuclei. Pairing is taken into account within the quasiparticle RPA (QRPA) [1] . However, owing to the QBA for the quasiparticle pair operators (similar to that of the RPA), the standard QRPA also violates the Pauli principle, and the renormalized QRPA (RQRPA) also suffers from the sum rule violation, as has been pointed out in Ref. [9] . The QRPA also uses the pairing solutions obtained from the Hartree-Fock-Bogoliubov (HFB) or BCS theories, which violate the particle-number conservation, resulting in the chemical potential as a Lagrangian multiplier to be determined in the equation for the average particle number in the ground state.
In the present paper, we propose a novel approach, which employs the exact pairing solutions (EP) [12, 13] , to renormalize the phRPA. The EP produces the exact occupation numbers f k , which come from the pp and hh pairing correlations. These occupation numbers replace the HF ones, f h = 1 and f p = 0, in a self-consistent way as has been explained and applied to both self-consistent relativistic [14] and non-relativistic mean fields [15] in the calculations carried out for realistic nuclei. The Hartree-Fock mean field plus EP (HFEP) supplies a good set of initial inputs for the RRPA, where the GSC factors D ph are obtained in a self-consistent way with the HFEP. In this way, this method resolves three issues at once, namely the above-mentioned inconsistency in the HF mean field used in the conventional RRPA, the inclusion of pairing in the RPA, and the particle number conservation, which is always fulfilled exactly within the EP. The present paper will show if this method of renormalizing the RPA by using the HFEP is capable to restore the Pauli principle and the energy-weighted sum rule (EWSR) without the need of extending the RPA configurations beyond the ph ones. Naturally, the application of this approach requires the monopole pairing correlation in nuclei so that the GSC factors D ph <1 can be generated within the EP. The latter, in principle, always generates a finite pairing energy, even for the magic nuclei such as 48 Ca [12] . Therefore, it is expected that our approach can be applied to any nuclei, especially neutron-rich or proton-rich ones.
The proposed approach is applied in calculations for the dipole case in several light, medium, and heavy-mass nuclei, namely 22 O, 60 Ni, and 90 Zr nuclei as well as neutronrich nuclei 24, 28 O, where the pygmy dipole resonance (PDR) has been predicted and/or observed [16] [17] [18] [19] [20] .
II. FORMALISM A. Mean field plus exact pairing
The ground-state quantities such as the single-particle wave functions ϕ, single-particle energies , and nucleon densities ρ, are used as the initial inputs for constructing the excited states in the RPA [1] . In this paper, these quantities are extracted from the Skyrme-HartreeFock mean field, described by the Hamiltonian
wheret is the kinetic energy, v ij and v ijk are the two-body and three-body potentials, respectively. These potentials are included in the expression of the Skyrme interaction as
where P σ = 1 2 (1 + σ i σ j ) is the spin-exchange operator expressed via the Pauli spin matrices σ i(j) , k is the conjugate of the wave vector k, and r = r i − r j . The three-body term in the Skyrme interaction can be expressed in terms of the two-body one via the nucleon density
where ρ = ρ Z + ρ N with ρ Z and ρ N being the proton and neutron densities, respectively.
To include the effect of pairing correlation in the mean field, the Hamiltonian H of the nuclear system is rewritten in the second quantization [1] H =Ĥ HF +Ĥ pair ,
where a † jm and a jm are the single-particle creation and annihilation operators of a nucleon moving on the jth single-particle levels with projections ±m and G is the parameter of the constant monopole pairing interaction. The total (ground-state) energy of the nuclear system is given as
where E HF and E pair are the HF and pairing energies, respectively. The correction for the center of mass (c.m.) energy E c.m. , which is presented in detail in Refs. [22, 23] , is subtracted a posteriori after the variation of HF equation. The E pair is obtained by diagonalizing H. The diagonal and off-diagonal matrix elements of this Hamiltonian within the EP are obtained as [12] 
Each basis state |{s j }, {N j } in the matrix elements above represents the jth level with N j = 2Ω j = 2(j + 1/2) nucleon and s j unpaired particles. The pairing energy E pair and single-particle occupation number f j , which are obtained after diagonalizing H, are employed to re-define the currents and densities [15, 22] and calculate the pairing gap by using the following equations
where ρ q , τ q , J q , and ∆ are the nucleon densities, kinetic energy densities, spin-current densities, and exact pairing gap, respectively. The subscript q denotes proton or neutron, and ϕ j is the single-particle wave function. Without pairing, the values f j in Eqs. (11) B. Renormalizing random-phase approximation by using exact pairing
The phRRPA
As has been mentioned above, the ground-state quantities are used to construct the RPA excited states. The details of the RPA and RRPA were presented in Ref. [11] . In this section, we will present briefly the main results of these methods.
The RPA phonon operator is a superposition of ph-pair operators in the form [1]
where 
The RPA excited state is defined by acting the phonon operator (15) on the RPA ground stated |RP A , namely
where Q JM i |RP A = 0. These RPA states are orthonormalized, viz.
The expectation value of the commutation relation [B ph , B † p h ] in the RPA ground state is calculated as
where D ph is the the GSC factor
In order to obtain a set of linear equations with respect to the amplitudes X Ji ph and Y Ji ph in Eq. (15) , it is assumed that the RPA ground state |RP A is not much different from the HF one |HF so that it can be replaced with the latter [1] . This leads to the substitution f h 
This approximation is called the QBA as it treats the ph pairs like bosons, which obey the exact boson commutation relation. This also means that the QBA ignores (or violates) the Pauli principle between the fermion pairs. Within the QBA, the orthonormal condition (18) requires the amplitudes X Ji ph and Y Ji ph to obey the following normalization condition
whereas the closure relations
ensure the inverse expression of ph-pair creation operator in terms of the phonon one
By using the boson-mapping technique [6, 7, 11] to express the particle-number operator in terms of the sums of products B † ph B ph , the particle and hole occupation numbers are calculated within the RPA as
The RRPA phonon operators are different from the RPA ones by the presence of the GSC factor D ph , which is smaller than 1 [7] Q †
and
In this form, the RRPA amplitudes X (22)- (23)]. However, the occupation numbers within the RRPA are now calculated from the recurrent expressions [7, 11] 
with
The amplitudes X Ji ph and Y Ji ph are calculated based on the components of the eigenvectors of the phRRPA matrix equation
where E Ji are the phRRPA eigenvalues (phonon energies). The matrices A and B are given
where k is the single-particle energy of a spherical orbital |j k , m k with k = p, h and V res is the two-body residual interaction [24] . The presence of the GSC factors D ph D p h renormalizes the residual interaction by reducing the absolute value of its matrix element ph |V res |hp to D ph D p h ph |V res |hp . The phRRPA equations are nonlinear with respect to the amplitudes Y Ji ph and need to be solved by iteration. In the first step, the RPA equations with D ph = 1 are solved. The GSC factor D ph is then calculated by using the RPA occupation numbers f h and f p defined in Eq. (26) . The phRRPA matrix equation (32) is then diagonalized to obtain a new set of eigenvectors, which produces new GSC factors D ph for the next step. This process is repeated self-consistently until the criterion of convergency is achieved.
Inclusion of exact pairing
As has been mentioned previously, the collectivity and EWSR are reduced within the phRRPA [7, 11] . One way to remove this drawback is extending the phRRPA to include the pp and hh configurations on the same footing with the ph ones for all multipolarities [7, [9] [10] [11] . However, this leads to a significant expansion of the RPA matrix and solving the RRPA equations becomes time-consuming. In the present paper, we propose an alternative method by using the exact solutions of the pairing problem (Sec. II. A) to renormalize the phRPA. We expect that not only this method can restore the EWSR at each multipolarity J π without the need of including the pp and hh excitations, but it also takes into account the exact pairing, having ensured the exact particle number already in the reference state, unlike the HFB or BCS theories used in (R)QRPA. The Hamiltonian of the nuclear system is now written asĤ
whereĤ res is the residual Hamiltonian [1] :
Because the size of the matrix to be diagnolized in the exact pairing Hamiltonian is limited [25, 26] , only the levels in a truncated spectrum around the Fermi surface is used for the EP. The occupation number of the hole and particle states outside the truncated space T remain to be 1 and 0, respectively. These exact occupation numbers are used to produce the GSC factors (37a) and (37b) which are employed to renormalize the RPA as mentioned in Sec. II.B.1. In particular, all the GSC factor D ph in the phRRPA matrix (33) and (34) are now replaced with D EP ph as The total energy of the nuclear system is calculated as
where the RPA energy E RP A is given as [1]
The pairing-strength parameter G in the EP calculation is adjusted so that the EWSR is fulfilled and the pairing gap obtained within the exact pairing is close to the experimental odd-even mass difference. This procedure guarantees a full consistency between the mean field and the renormalization process using EP. We refer to this method as the SC-HFEPRPA hereafter.
The EWSR
The reduced transition probabilities B(EJ) between the ground state |0 and excited state |ν ≡ |JM i within the SC-HFEPRPA have the same form as that in the conventional phRRPA, namely
where p||F J ||h are the reduced matrix elements of the one-body excitation operatorsF JM [24, 27] . To present the distribution of the probabilities B(EJ, 0 → ν)(E Ji ) over the discrete one-phonon states |ν with energies E Ji as a continuous function of the excitation energy E, this distribution is often smoothed by representing the delta function as δ(x) = ε/[π(x 2 +ε 2 )].
As the result, one obtains the strength function
where ε is the smoothing parameter. This parameter sometime is associated with the escape width Γ ↑ ≡ 2ε caused by the coupling to the continuum, which is around few hundred keV with the weight E Ji or the integral of E × S J (E) within the energy interval 0 ≤ E(E Ji ) ≤ E max . As the electric dipole excitations (J π = 1 − ) are considered in this paper, the E1 EWSS within the SC-HFEPRPA is given as the first moment
where the multipolarity J = 1 in the subscript for E Ji is omitted for simplicity.
For a complete set of the exact eigenstates |ν , the EWSR holds, for which the first The E1 IS EWSR is obtained in this way as 
where the average occupation number of the hole states is f = j=h f j j=h j . The two-body part of the momentum operator and the average occupation number of the particle states, whose contribution is negligible, are omitted for simplicity, so that the center-of-mass correction can be expressed in a compact form in terms of the nucleon mass as
After the first loop of the iteration, the mean field is modified by the single-particle occupation numbers, that is, f . Because of the center-of-mass motion, which is modified by the EP and RPA occupation numbers, the ground-state expectation values for the nuclear density distribution must be corrected. The latter are usually expressed in terms of their radial moments [27, 31, 32] 
After diagonalizing the EP matrix to obtain the new HF density with EP ρ HF EP j (r), the nuclear radial moments are corrected a posteriori to contribute to the IS EWSR
where f mf j is the occupation number in mean field, which is equivalent to f 
The integrand (48) represents the distribution of one nucleon in the radial mesh of nucleus.
This normalization is important as it helps to reduce the transition probability at the spurious state, keeping the total IS EWSS almost unchanged as shown in Fig. 1 , where the value of the E1 IS EWSS obtained for 22 O within the SC-HFEPRPA by using η =1 (0.677391×10 
The enhancement factor κ in Eq. (49) is caused by the velocity-dependent terms of the Skyrme interactions [33] , whose value is given in Eq. (29) of Ref. [24] .
III. RESULTS AND DISCUSSION
The numerical calculations in the present paper were carried out making use of the selfconsistent HF-RPA code with full residual interaction. This code was developed by Colò et al. and made accessible for the nuclear physics community [24] . In the present paper, we have extended this code to include the EP and renormalize the RPA residual interactions.
The main limitation of this code is that it can be used to calculate the properties of spherical nuclei with the filled sub-shells. This limitation remains within our extension. Based on the test by using a series of BSk and MSk interactions conducted in Ref. [15] , the Skyrme interaction MSk3 is employed in the present paper. The self-consistent HFEP calculations using this MSk3 interaction reproduces well the experimental ground-state properties (binding energy, radii, and nucleon density) of all nuclei under consideration in the present paper.
For example, the difference between the calculated average binding energy BE/A and the experimental data is lower than 0.5%. The renormalization of the RPA is proceeded in two ways: 1) The HFEP is solved self-consistently as in Ref. [15] . Then, the RPA equations are solved once in the end. This process is referred to as the non-self-consistent HF-EP-RPA (HFEPRPA) hereafter; 2) The HF, EP, and RPA are iteratively solved for each loop until the convergency is reached. This process is referred to as the SC-HFEPRPA. We consider three spherical nuclei, whose masses range from light to heavy, namely 22 O, 60 Ni, and 90 Zr.
The calculations are performed in a box of 15 fm radius with the radial mesh of 0.1 fm and cut-off energy E c = 60 MeV for J π = 1 − . This choice is reasonable for the calculations for three selected nuclei above [24] .
The multipolarity J π = 1 − is used in our calculation, which is the most important for numerically evaluating the E1 EWSR to be compared with the model independent sum rule, that is the TRK one. The cut-off energy E c = 60 MeV is sufficiently large to perform our calculation because the spurious state obtained with this E c is well separated from the physical ones as has been shown in Ref. [24] . By increasing the cut-off energy E c to 130
MeV, we found that the energy of the spurious state in 22 O is indeed shifted down from 3.75 MeV to 3.12 MeV (see Fig. 2 ). The same trend is seen in the results of calculations with E c = 60 and 150 MeV for the heavy 90 Zr nucleus as shown in Fig. 3 . The energy of spurious state in this nucleus reduces from 2.24 MeV to 1.34 MeV. These results show that the higher E c we choose, the lower spurious energy we can obtain. However, the calculations also become much more time consuming. Therefore, the value E c = 60 MeV is chosen. As for the EP calculation, because of the limitation of the size of the pairing matrix to be diagonalized, we cannot carry out the EP calculations within a too large space of single-particle levels. We therefore adopted the truncated space given in Table I for each nucleus. This truncated space is chosen based on an assumption that pairing affects only few single-particle levels around the Fermi surface [25, 26] (26) and (31) self-consistently with the accuracy
with n being the number of iterations. To test the above assumption for the truncated single-particle levels, we have selected different configuration spaces by adding or removing some hole or particle levels. The numerical test for 22 O with E c = 60 MeV shows that removing one and two hole levels (Fig. 4) or removing/adding two particle levels (Fig. 5) slightly changes the energy of the spurious state (Table II) but the corresponding IV and IS B(E1) distributions remain practically unchanged with different truncations. Therefore, to keep a reasonable calculation time, the truncated space for the EP calculations given in Table I is chosen.
The spurious state's energy might be also affected by the factor 1 2 , which is added to the GSC factor D ph as mentioned in Refs. [6, 34] . The numerical test for 22 O with E c = 60 MeV indicates that no significant change is seen between the results obtained by using D ph and 1 2 D ph (Fig. 6) . Therefore, to see the effect of GSC beyond the RPA at its strongest, we use the formalism without the factor 1 2 in front D ph as has been done previously in Ref. [11] . 4 hole levels + 6 particle levels 3 hole levels + 6 particle levels 2 hole levles + 6 particle levels E = 60 MeV 4 hole levels + 6 particle levels 3 hole levels + 6 particle levels 2 hole levles + 6 particle levels E = 60 MeV Figs. 7-9 are the IS and IV transition probabilities B(E1, E i ) and strength functions S(E1) of all nuclei under consideration obtained within the RPA, HFEPRPA, and SC-HFEPRPA for the dipole J π = 1 − . It is seen from these figures that the strengths of the IS and IV GDRs are shifted down, similar to those reported in our previous work within the RRPA [11] . The shift of the strength is significant in light 22 O nucleus (Fig.   7 ), small in medium 60 Ni nucleus (Fig. 8) , and insignificant in heavy 90 Zr one (Fig. 9 ).
Shown in
The explanation of this effect comes from the mean-field description and collectivity, which 4 hole levels + 4 particle levels 4 hole levels + 6 particle levels 4 hole levles + 8 particle levels E = 60 MeV c 4 hole levels + 4 particle levels 4 hole levels + 6 particle levels 4 hole levles + 8 particle levels E = 60 MeV are good for medium and heavy nuclei because of their statistical properties, and become worse in light systems. The results obtained also show that the SC-HFEPRPA produces a stronger shift than that takes place within the HFEPRPA, whose mean field is not affected by the RPA occupation numbers. On the other hand, the spurious mode is shifted up in all cases within the HFEPRPA and SC-HFEPRPA. However, the shift is not too strong, hence the spurious mode is still well separated from the other physical states. This spurious mode is also approximately suppressed by a modified isoscalar dipole operator as in Eq. (32) of Ref. [24] . In general, for medium and heavy nuclei, the results obtained by renormalizing the RPA as done in the present paper are not much different from the predictions of the conventional RPA. Table III SC-HFEPRPA, the basic difference between these two approaches is that the modification of the mean field via RPA occupation numbers is performed only within the SC-HFEPRPA.
On the other hand, unlike some common implementations of QRPA, the particle number is During the renormalization, the pairing effect is found to be reduced in the SC-HFEPRPA. As presented in Table IV , the reduction of pairing energy, which is always more than 10% and reaches ∼ 30% in the neutron-rich numbers. Both of the short-range pairing and long-range ph residual interactions are included in the nuclear mean field, which may serve as an explanation for this phenomena. In the beginning, the mean field (HFEPRPA) contains only the pairing correlation. After the SC-HFEPRPA calculation was performed, the new mean field contains both of the pairing and residual correlations. Therefore, the pairing correlation is reduced to give room for the residual correlation, which comes from the RPA. In particular, the mean field is modified not only by pairing, as within the HFEPRPA, but also by the residual correlation from the RPA within the SC-HFEPRPA in a self-consistent way. This reduction of pairing can be associated with the anti-pairing effect within the SC-HFEPRPA.
The PDR, which appears around the particle-emission threshold in the neutron-rich nuclei, is also observed in our calculations for 22, 24, 28 O, 60 Ni, and 90 Zr. Shown in Table V is the ratio r = S P DR /S GDR between the EWSS of the PDR (0 ≤ E ν ≤ 12 MeV) and GDR (0 ≤ E ν ≤ 60 MeV). The interval of PDR energies is often chosen from 0 up to 15 MeV [20, 35] . We choose E max = 12 MeV to avoid the overlap of the PDR to the GDR region, which is seen in the Figs. 7, 8, and 9 . The values of r are small (1-2%) in the stable nuclei Both the HFEPRPA and SC-HFEPRPA produce a pronounced PDR in these neutron-rich nuclei. This enhancement can be explained by the contribution of EP, leading to the GSC factor D EP ph , as has been discussed in Ref. [20] .
Finally, we compare our calculated photoabsorption cross-sections in three nuclei under consideration with the experimental data [16, 36, 37] in Fig. 10 . The calculated crosssections are generated from the strength function S(E1) obtained by using the MSk3 and Fig. 10(c) ]. When the SkM * interaction, which is known to well describe the GDR in heavy nuclei [38] , is used for 90 Zr, the shift is eliminated and a better agreement with the experimental data is seen [ Fig. 10(d) ]. It can also be observed from Figs. IV EWSRs are fulfilled without adding any pp and hh configurations, hence the extension of RPA matrices and time-consuming calculations are avoided. As compared to the RPA results, the effects of GSC and EP in the renormalization is significant in light nuclei and small in medium and heavy nuclei.
The anti-pairing effect is observed the first time within the SC-HFEPRPA, which reduces the pairing energy from more than 10% up to around 30% in the neutron-rich 22 O nucleus.
This shows the contribution from the mutual effect of the short-range pairing and long-range ph residual interaction to the mean field. The PDR, owing to the oscillation of the excess neutron against the proton-neutron core, is also found to be enhanced in neutron-rich nuclei because of the pairing effect. The GDR cross-sections are also calculated and no significant difference between the results obtained within the conventional RPA and our approaches is seen. They agree fairly well with the experimental data.
